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1. INTR~OUCTI~N 
The concept of fuzzy sets was introduced by Zadeh in [ 11. Since its 
inception, the theory of fuzzy sets has developed in many directions and is 
finding applications in a wide variety of fields. In [2] Rosenfeld used this 
concept to develop the theory of fuzzy groups. In fact many basic properties 
in group theory are found to be carried over to fuzzy groups. Further, he 
gives a characterisation of all fuzzy groups of a prime cyclic group in terms 
of the membership function 12. proposition 5. lo]. 
In this paper we obtain a similar characterisation of all fuzzy subgroups of 
finite cyclic groups. For this we study what are called “level subgroups” of a 
fuzzy subgroup in the first part of the paper. These level subgroups in turn 
play an important role in the above characterisation. 
2. PRELIMINARIES 
We first recall some basic definitions for the sake of completeness. 
DEFINITION 2.1. Let S be a set. A fuzzy subset A of S is a function 
A : s+ [O, 11. 
DEFINITION 2.2. Let G be a group. A fuzzy subset A of G is said to be a 
fuzzy subgroup of G if 
6) A(w) > min(A(-v),A(y)), 
(ii) A(.u-‘) > A(x) Vx, y E G. 
DEFINITION 2.3. Let A be a fuzzy subset of S. For t E [0, I], the set 
A, = (x E S 1 A(x) > t) is called a level subset of the fuzzy subset A. 
Note that A, is a subset of S in the ordinary sense. The terminology “level 
set” was introduced by Zadeh. 
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Note that if A is a fuzzy subgroup of G, A(x) <A(e) Vx E G [2, 
Proposition 5.41. 
The following theorem is analogous to Proposition 2.1 -in 121. 
THEOREM 2.1. Let G be a group and A be a fuzzy subgroup of G, then 
the level subset A,, for t E [0, 11, t < A(e), is a subgroup of G, where e is the 
identity of G. 
Proof A,={xEGIA(,u)~t}clearlyA,isnonempty.Letx,yEA,,then 
A(x) > t and A(y) > t. Since A is a fuzzy subgroup of G, A(xy) > 
min(A(x), A(y)). This means A(X)‘) > t. Hence xy E A I. Again x E A I implies 
A(x) > t. Since A is fuzzy subgroup A(x-‘) aA(x) and hence A(x-‘) > t. 
This means x-’ E A,. Therefore A, is a subgroup of G. 
THEOREM 2.2. Let G be a group and A be a fuzzy subset of G such that 
A, is a subgroup of G for all t E [0, I], t < A(e), then A is a fuzzy subgroup 
of G. 
Proof Let x, y E G and let A(x) = t, and A(y) = t,. Then x E A,!, 
yEA,,. Let us assume t, < t2. Then it follows At2 G A,,. So y E A,, . Thus x, 
y E A,: and since A,, is a subgroup of G, by hypothesis, xy E A,, . Therefore 
A (xy) 2 t, = min(A(x), A(y)). Next, let x E G and let A(x) = t. Then x E A,. 
Since A, is a subgroup, x- ’ E A,. Therefore A(x- ‘) > t and hence A@-‘) > 
A(x). Thus A is a fuzzy subgroup of G. 
3. LEVEL SUBGROUPS 
DEFINITION 3.1. Let G be a group and A be a fuzzy subgroup of G. The 
subgroups A,, t E [0, l] and t < A(e), are called level subgroups of A. 
Suppose G is a finite group; then the number of subgroups of G is finite 
whereas the number of level subgroups of a fuzzy subgroup A appears to be 
infinite. But, since every level subgroup is indeed a subgroup of G, not all 
these level subgroups are distinct. The next theorem characterises this aspect. 
THEOREM 3.1. Let G be a group and A be a fuzzy subgroup of G. Two 
level subgroups A,, , A,, (with t, < tz) of A are equal if and only tf there is no 
xE G such that t, <A(x) < tz. 
Proof. Let A,, =A,,. Suppose there exists x E G such that 
t, <A(x) < t,, then A,,$ Al,, since x belongs to A,, but not in AI:, which 
contradicts the hypothesis. Conversely, let there be no x E G such that 
t, <A(x) < t2. Since t, < t2 we have At2 GA,,. Let x EA,,, then A(x) > t, 
and hence A(x) > t,, since A(x) does not lie between t, and t2. Therefore 
xEA,,.SoA,,cA,,.ThusA,,=A,,. 
COROLLARY 3.1. Let G be a finite group of order n and A be a fizz~ 
subgroup of G. Let Im(A) = (ti IA(x) = ti for some x E G}. Then (AJ are 
the only level subgroups of A. 
Proof Ali is a subgroup of G, by Theorem 2.1. If t = A(e) then A, = (e). 
Let tE[O?l] and t@Im(A). If ti<t<tj, where ti,tiEIm(A), then Ali= 
Atj= A, by Theorem 3.1. If t < t,, where t, is the least element in Im(A), then 
Air= G = A,. Thus for any t E [0, 11, the level subgroup is one of (A,)/, 
where ti E Im(A ). 
THEOREM 3.2. Any subgroup H of a group G can be realised as a level 
subgroup of some fuzzy subgroup of G. 
Proof: Let A be a fuzzy subset of G defined by 
A(x)=t if ~EH 
=o if x4H, O<t< 1. 
We shall prove that A is a fuzzy subgroup of G. Let x, y E G. Suppose x, 
yEH; then xyEH. So A(xy)=t and A(x)=A(y)=t. Therefore A(xy)> 
min(A (x), A(y)) and if x E H then A(x-‘) > A(x). Suppose x E H, y @ H; 
then .~J’ & H. Then A(x) = t, A(y) = 0, A(xy) = 0. Therefore A(xq’) > 
min(A (x), A (~1)). Also A (x - ‘) > A (x) if x E H or x 6? H. Suppose x, y @ H; 
then .uq’ may or may not belong to H. In any case A(xy) 2 min(A(x), A(y)) 
and A(.x- ‘) > A(x). Thus in all the cases A is a fuzzy subgroup of G. For 
this fuzzy subgroup A, = H. 
THEOREM 3.3. Let 2 be the collection of allfuzzy subgroups of group G 
and B be the collection of all level subgroups of members of A. Then there is 
a l-l correspondence between the subgroups of G and the equivalence 
classes of level subgroups (under a suitable equivalence relation on B). 
Proof: B=xx 1, where I= [0, 11. 
Define the relation in B by (A, t) - (B, t’) if and only if A, = B,. . Clearly 
- is an equivalence relation on B. So - partitions i?. By Theorem 3.2, each 
subgroup H of G is equal to A, for some A E x and t E [0, 11. Now the map 
[A,] kt A, (=H) clearly sets up a l-l correspondence between the 
equivalence classes [A,] and the subgroups of G. 
Remark 3.1. As a consequence of Theorem 3.1 the level subgroups of a 
fuzzy group A form a chain. But A(x) < A(e), x E G. Therefore Alo, where 
A(e) = t,, is the smallest level subgroup and we have the chain 
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(e)=AtocA,,cAt2c a.* c Atr = G, where t, > t, > ... > t,; we denote this 
chain of level subgroups by C(A). As all the subgroups of G, in general, do 
not form a chain, it follows that not all subgroups of G are level subgroups 
of a given fuzzy subgroup. So it is an interesting problem to find a fuzzy 
subgroup A of G which accommodates as many subgroups of G as possible 
in C(A). We construct such a fuzzy subgroup for a finite group which is a 
direct product of prime cyclic groups in the following. 
THEOREM 3.4. Let G be a finite group such that G = C,, x C,, x 
... x CPr, where the Cfli are prime cyclic groups of orders pi. Then there 
exists a fuzzy subgroup A such that C(A) is a maximal chain of length r + 1. 
Proof We prove by induction on r. If r = 1, then G = C,, which is prime 
cyclic, then there exists a fuzzy subgroup A of G such that A(e) = to, 
A(x) = t, Vx f e E G and t, > t, [2, Proposition 5.101. Then A, = (e), 
A,, = G. Therefore Alo c A,, is the maximal chain and of length 2. Hence the 
theorem is true for r = 1. Now let r > 1 and we assume the theorem is true 
for the integers <r - 1 and prove it for r. Let H = C,,l x C,,, x . . . X C,,-, . 
Then G = H x CQr. Define the fuzzy set A : G --t [0, 1 ] by A(e) = t,, 
A@,,) = t,, A(C$C,,) = I> ,.... A(H%,,) = t,, where t,>t,>...>t, 
and CD, = C,, - (e). C,>p, = C,, x C,, - C,, . and so on. We shall now 
prove that A is a fuzzy subgroup of G. Let x, .r E G. Suppose X, J E H; then 
.YJ’ E H. By induction 
and 
A&Y) > min(A(x),A(Jp)) 
A(x-‘) > A(x). 
Suppose x E H, J E G - H; then XJJ 4 H. Then A(xy) = t,, A(x) > t,-, and 
A = t,.. Hence A(xy) > min(A@), A(y)) and A(x-‘) >A&). 
Suppose x, J’ @ H. then also we can easily verify that A is a fuzzy 
subgroup. Now At0 = (e), AtI = C,,, At2 = C’,, X C, *,..., Atr = H X C,+. 
Therefore At0 c A,, c ..a c Atr is C(A) which is clearly maximal and is of 
length r f 1. 
In the same way we can find a fuzzy subgroup A with maximal C(A) in 
the following cases 
(i) G is a cyclic p-group. 
(ii) G is direct product of cyclic p-groups. 
(iii) G is a finite abelian group. 
Since we adopt the same technique in proving these cases, we shall omit 
the proofs. 
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4. CHARACTERISATION OF ALL FUZZY SUBGROUPS OF 
FINITE CYCLIC GROUPS 
First we consider the following: 
THEOREM 4.1. Let G be a cyclic p-group of order p”, where p is a prime. 
Let A be a fuzzy subgroup of G then for x, y E G 
(i) if O(x) > O(y) then A(y) 2 A(x). 
(ii) if O(x) = O(y) then A(x) = A(y). 
Proof. O(G) = p”. We prove by induction on n. If n = 1 then O(G) = p 
and the theorem is true by [2, Proposition 5.41. Now let n > 1 and we 
assume the theorem is true for all integers Qn - 1. Let H be a subgroup of 
order p”-‘. Let x, y E G, be any two elements. 
Suppose X, y E H; then by induction the result follows. Now suppose 
x 6? H and y E H; then O(X) = p”, and O(y) = p’, where r < n - 1. So x is a 
generator of G. Hence 1’ =x’ for some integer 1. Therefore 
A(y) = A(x) > A(x). Finally, suppose x, y & H; then O(x) = O(y) = p”. So 
both x and y are generators of G. Therefore X’ = J and ym =X for some 
integers 1 and m. Therefore A(x) = A( y”) > A(y) and A(y) = A(x’) > A(x). 
Hence A (x) = A ( y). 
The above theorem is not true in general. For example, consider Kliens 4- 
group: 
G = {a, b 1 a’ = bZ = (ab)2 = e 1. 
The fuzzy subset A : F+ [0, 1], defined by A(e) = to, A(a) = t,, A(b) = tz = 
A(ab), where t, > t, > t2, is a fuzzy subgroup of G. But A(a) # A(b) even 
though O(a) = O(b). 
However, for a cyclic group it can be seen that O(a) = O(b) implies 
A(a) = A(b). But O(a) # O(b) may also imply A(a) = A(b). For instance, 
consider the fuzzy subgroup A of the cyclic group G = (a) of order six 
defined by A(e) = to, A(a) = A(a’) = A(a’) = t,, A(a*) = A(a4) = t,, where 
t, > t, > t, ; t,, t,, t, E [0, 11. O(a3) # O(a), yet A(a) = A(a3). 
We now give the characterisation of all fuzzy subgroups of a finite 
cyclic group in the following: 
THEOREM 4.2. Let G be a finite cyclic group. Any fuzzy? subset A of G is 
a fuzzy subgroup tf there exists a maximal chain of subgroups (e) = 
C,~C,~C,C~~~ !E C, = G such that for the numbers t,, t ,,..., tr E Im(A) 
with t, > t, > .‘. >t,wehaveA(e)=t,,A(c^,)=t,,...,A(c^,)=t,,whereCi= 
Ci-Ci-]; i= 1,2 ,..., r. Converse[v any given fuzzy subgroup A satisJies 
such a condition. 
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Proof: Let (e) = C, c C, c CZ c . . . z C, = G be a maximal chain of 
subgroups. Given fuzzy set A : G -+ [0, I] such that A(e)=&,, A(d,)= 
t , ,..., A(C’,) = lr. We shall prove A is a fuzzy subgroup of G. Let x, y E G be 
any two elements. Suppose x, y E Ci but not in Ci-, ; then A(x) = ti, 
A(y) = ti and xy E Ci or Ci-, . Therefore A(xy) 2 ti = min(A(x), A(y)). And 
A(x-‘)>ti=A(x). Suppose xECi but not in Ci-,,~rECj but not in Cj-, 
and let i > j, A(x) = ti, A(y) = tj; then A(q) > ti = min(A(x), A(y)). And 
A(x-‘) 2 ti = A(x). Thus A is a fuzzy subgroup of G. 
Conversely, let A be a fuzzy subgroup of G then Ato, Al,,..., Atr are the 
only level subgroups of A where {to. t, ,a.-, t,} = Im(A), with 
to > I, > t, ... > t, by Corollary 3.1. Further, the level subgroups form a 
chain C(A): A,0 c A,, c .a. c A,, (Remark 3.1). Then clearly At0 = (e) and 
Atr = G. 
Suppose C(A) is maximal then take Ci = AZi and we are through. If C(A) 
is not maximal we refine C(A) by introducing subgroups of G. We call this 
chain as C, G C, g C, s .e. c C,, where Co=AtO=(e) and C,=Atr=G. 
Then for all Ci between At0 (=C,) and A,, (=Cj for some j), A(&‘i) = t,. 
Similarly for all C, between AILand At,+,, A(ek) = ti+, and A(e,) = I,. Thus 
A(C,)=t,, A(e,)=...=A(C,)=t,; A(C?j+,)=...=A(e,)=t,, where 
C, = A,: . . . . A(c’,) = t,, where C, = C, - C,, CZ = C, - C ,,..., C, = 
c,-c,-1 and to > t, > t, ... > t,. Hence the result. 
COROLLARY 4.2. If G is a cyclic p-group of order p’, then the necessary 
and suJicient condition for a fuzzy subset A of G to be a fuzzy subgroup is 
that for all elements x such that O(x) = pi we have A(x) = ti, i = 0, 1,2,..., r 
and I,, > t, > ... > t,. 
Proof. Observe that G has a unique maximal chain and apply 
Theorem 4.2. 
Remark. We can also prove this Corollary by using Theorem 4.1. 
Because, for a cyclic p-group, the fuzzy subgroup A maps elements of the 
same order to the same t value, i.e., A,, consists of elements of the same order 
by Theorem 4.1. 
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